This article is dedicated to some criteria of generalized nilpotency involving pronormality and abnormality. Also new results on groups, in which abnormality is a transitive relation, have been obtained.
Introduction
There is a variety of very practical characterizations of nilpotency in finite groups. However, we are losing a majority of them at the transition to infinite groups. In this case, these characterizations are forming the bases for distinct definitions of new classes of infinite generalized nilpotent groups. On the other hand, for every concrete characterization of finite nilpotent groups it is very interesting to determine the limits in which these characterizations are still valid; or more generally to define the boundaries in which a certain characterization leads to a certain class of generalized nilpotent groups. One of the most suitable classes on which many different characterizations of nilpotency have been extended is the class of finitely generated soluble groups. The main reason for this is the famous Robinson's Theorem (see, for example, [RD 2, Theorem 10.51]) proving that if every finite factor-group of a finitely generated soluble group G is nilpotent, then G is nilpotent. Among other "good" classes we can mention the class of Chernikov groups and the class of minimax groups. These classes are not far from finite groups because they satisfy very strong finiteness conditions. Nevertheless, there are some classes of infinite groups, which are far enough from finite groups and satisfy some distinct criteria of generalized nilpotency such that locally nilpotency, hypercentrality, the normalizer condition, and so on. The class of (locally nilpotent)-by-finite groups and the class of F C-groups serve as such examples. Recall, that a group G is called an F C-group , if the conjugate class x G = {x g | g ∈ G} is finite for each element x ∈ G. The class of F C-groups is unique in some certain sense: many fundamental properties (particularly concerning with some criteria of nilpotency) of finite groups have been naturally extended to F C-groups. For example, we can mention the following results.
If every subgroup of an F C-group G is subnormal, then G is nilpotent (see, for example [SH 2]).

If an F C-group G is a direct product of its Sylow p-subgroups for all prime p, then G is hypercentral.
If an F C-group G satisfies the normalizer condition, then G is hypercentral.
If every maximal subgroup of an F C-group G is normal, then G is hypercentral.
If G is an F C-group and [G, G] ≤ Fratt(G), then G is hypercentral.
Last three statements are consequences of the following well-known fact.
If for an F C-group G the factor-group G/ζ(G) is residually nilpotent, then G is hypercentral.
Therefore it is natural to find such generalizations of the class of F C-groups, on which these and other conditions of hypercentrality could be extended.
Let G be a group. Put F C(G) 
finite}. It is easy to see that F C(G) is a characteristic subgroup of G. The subgroup F C(G) is called the F C-center of G. A group G is an F C-group if and only if G = F C(G).
Starting from the F C-center we can construct the upper F C-central series of a group G: and F C(G/C γ )= 1 .
The last term C γ of this series is called the upper F C-hypercenter.
If C γ = G, then the group G is called F C-hypercentral; if γ is finite, then G is called F C-nilpotent.
Consider extensions of the criteria listed above on F C-nilpotent or F C-hypercentral groups. Let G be a group, every subgroup of which is subnormal. Then G is locally nilpotent (see, for example, [LS, Theorem 2.5 .1]). Therefore if G is F C-hypercentral, then G is hypercentral. Note that there exists an F C-nilpotent non-nilpotent group G, every subgroup of which is subnormal [SH 1]. For some subclasses of F C-hypercentral groups the situation looks much better: if, for example, G is a periodic F C-hypercentral group with all subgroup subnormal, then G is nilpotent (it follows from the main result of the paper [MW] ); if G is a torsion-free group with all subgroup subnormal, then G is nilpotent [SH 3] .
Let G be a group satisfying the normalizer condition. Then G is locally nilpotent [PB] . Therefore if G is F C-hypercentral 
It is wellknown that a group G satisfies the normalizer condition if and only if every subgroup of G is ascending [BR, Theorem 4.13] . The dual to the idea of an ascending subgroup is the concept of a descending subgroup. Let H be a subgroup of a group G. We construct the normal closure series in the following way. Both ascending and descending subgroups are generalizations of subnormal subgroups. With the help of these concepts we obtain the following conditions of hypercentrality for a group. Theorem A. Let G be a group every subgroup of which is descending.
The following criterion of nilpotency of finite groups involves contranormality.
A finite group is nilpotent if and only if it has no proper contranormal subgroups.
Further we will also consider criteria of (locally) nilpotency involving pronormal and abnormal subgroups. These subgroups introduced by P. Hall and R. W. Carter respectively in the study of nilpotency in finite groups. Pronormal subgroups play the main role in generalizations both normality and Sylow properties (see for example, the survey [BB] and papers [F] , [C] , [P] , [M] [SK] , [deFKS] , [SE] 
We will also obtain some generalizations of the following criteria of nilpotency of finite groups:
A finite group is nilpotent if and only if all its pronormal subgroups are normal.
Note that in the class of locally nilpotent groups all pronormal subgroups are normal [KS 3]. It is easy to see that the condition: "every pronormal subgroup of a group G is normal" is equivalent to the condition "G has no proper abnormal subgroups". It follows from the fact that a normalizer of a pronormal subgroup is an abnormal subgroup (see some elementary properties of pronormality and abnormality listed at the beginning of Section 3). So we come to the following criterion:
A finite group is nilpotent if and only if it has no proper abnormal subgroups.
As many others these criteria could be extended on F C-groups (see Proposition 3.4).
The following theorem is one of the main our results. A. Ballester-Bolinches and T. Pedraza [B-BP] have considered radical periodic groups with Chernikov Sylow p-subgroups for all primes p, which have no proper contranormal subgroups. The class of these groups they denoted by B. Note that some results (in particular, Theorem 6) of this paper can be extended on the class of periodic locally soluble groups with Chernikov Sylow p-subgroups for all prime p (see Corollaries C2, C3).
It is interesting to admit that contranormality possesses the property of transitivity. However, simple examples show that normality, pronormality, and abnormality in general are not transitive (see, for example, [BB] ). The class of groups in which normality is a transitive relation (T -groups) is well studied now. These groups and some their generalizations has been investigated by many authors. The most valuable results about T -groups one can find in [RD 1]. The class of soluble groups with transitivity of pronormality is fully described in the recent paper [KUS] . As it follows from Theorem D below, the class of soluble groups in which abnormality is transitive (ST A-groups) is much wider and contains both classes of soluble groups with transitive normality and transitive pronormality (ST -and ST P -groups respectively). More specifically, based on Theorem D and using [RD 1, Theorem 2.3.1] and [KUS, Theorem 2] one can easily check the following strict embeddings 
On direct decompositions of ZG-modules connected
to some normal subgroups 
by the following rule:
(1) B and A/B are simple ZG-modules.
Then there is a ZG-submodule C such that
of ZG-submodules of A satisfying the following conditions:
Corollary 2.3. Let G be a hypercentral group, H a non-identity normal subgroup of G, A a ZG-module, having a finite ZG-composition series,
C G (A) = 1 , C an upper ZH-hypercenter of A. Then: (1) A = C ⊕ E where E is a maximal H-hypereccentric ZG-submodule of A. (2) E includes every H-hypereccentric ZG-submodule of A, in partic- ular,
this decomposition is unique.
Proof: Assertion (1) follows from Lemmas 2.1 and 2.2. Let B be an
Proposition 2.4. Let G be a group, A a normal abelian periodic subgroup of G such that A ≤ F C(G) and Q = G/C G (A) is hypercentral. Let H be a non-identity normal subgroup of Q, C an upper ZH-hypercenter of A. Then:
(
this decomposition is unique.
Proof: Since A ≤ F C(G) and A is periodic, A has a local family of finite G-invariant subgroups {A λ | λ ∈ Λ}. Since A λ is finite, the ZQ-submodule A λ has a finite composition ZQ-series. By Corollary 2.3
The proof of assertion (2) is the same as the relevant part of the proof of the previous corollary.
Proofs of main results. The non-periodic case
For the reader convenience we are listing the following elementary properties of abnormal and pronormal subgroups (see, for example, [BB] , [DH] ). We are going to use some of them in this paper.
Let G be a group, U a subgroup of G.
I. The following statements hold.
soluble group, then A is pronormal in G if and only if it satisfies the Frattini property. In particular, if A is pronormal in G and H is a normal subgroup including
II. The following statements are equivalent.
(1) H is abnormal in G.
III. Let A be a subgroup of a group G and H be a G-invariant subgroup of A; then A is abnormal in G if and only if A/H is abnormal in G/H.
The following Lemma 3.1 is well-known (see, for example, [McL] ).
The following statements are almost obvious.
Lemma 3.2. Let G be a group, every subgroup of which is descending.
Lemma 3.3. Let G be a group, every subgroup of which is descending. Then every locally (soluble-by-finite) subgroup H of G is locally nilpotent.
Proof: Let K is an arbitrary finitely generated subgroup of H and let S be a normal subgroup of finite index in K. By Lemma 3.2 K/S is a finite group, every subgroup of which is descending. In other words, every subgroup of K/S is subnormal. It follows that K/S is nilpotent. Hence every finite factor-group of K is nilpotent, so that K is nilpotent [RD 2, Theorem 10.51].
Proof of Theorem A: By Lemma 3.1 the group G is locally (nilpotentby-finite). Therefore we may use Lemma 3.3 and obtain that G is locally nilpotent. Since G is F C-hypercentral, G is hypercentral. 
Recall that a ZG-module A is called to be monolithic if the intersection of all non-zero ZG-submodules of A (the ZG-monolith of A) is non-zero.
Lemma 3.5. Let a group G includes a normal abelian periodic subgroup A satisfying the following conditions:
Then A has an ascending series
of G-invariant subgroups, every factor A α+1 /A α of which is G-chief and isomorphic to M as a ZG-module for each α < γ.
gives that M is finite, so that H is a normal subgroup of finite index. Since G/H is nilpotent, it is a p -group (see, for example, [DH, Corollary B.9 .4]). By Proposition 2.4 A = C × E where C is an upper ZH-hypercenter of A and E is a maximal H-hypereccentric ZG-submodule of A. By the selection of H we have M ≤ C. Since M is a ZG-monolith of A, the equation M ∩ E = 1 implies that E = 1 . In other words, A is ZH-hypercentral.
is a normal subgroup of finite index. If we assume that V = H, then by Maschke's Theorem (see, for example, [DH, Theorem A.11.4 
Since A is monolithic, this is impossible. This contradiction proves that V = H. In particular, H/V is a non-identity normal subgroup of the nilpotent group F C(G) , A has an upper G-socular series. Using the same arguments and transfinite induction, we prove this lemma. Lemma 3.6. Let a group G includes a normal abelian periodic subgroup A satisfying the following conditions:
Then G includes a subgroup S such that G = A S. Furthermore, every other complement to A in G is conjugate with S.
Since M is a simple ZG-submodule, condition (1) implies that M is finite, so that H is a normal subgroup of finite index. Since G/H is nilpotent, it is a p -group and the center ζ(G/H) is cyclic (see, for example, [DH, Corollary B.9.4 ] . By Lemma 3.5 A has an ascending series
]). Put gH = ζ(G/H).
Suppose that C A (g) = 1 . Let 1 = a ∈ C A (g) and put K = a G . By (1) K is finite. Let
be a series of G-invariant subgroups, every factor of which is G-chief.
has finite index in G/A, and (3) yields that C is subnormal in G. Let 
Repeating the same arguments after finitely many steps we come to a minimal C-invariant subgroup E/V and elements x 1 , . . . , x q such that
Since this is valid for each j, 1 ≤ j ≤ q, we obtain [g, U ] = V , which is impossible. This contradiction proves that [g, E] = E, and it follows that
of which is C-chief and g -eccentric. On the other hand, the series 1 ≤ £ ≤ a ≤ K has a refinement, the all term of which is a C-invariant subgroup and every factor of which is C-chief. By Schreier Refinement Theorem factors of this series are isomorphic (as ZC-modules) to factors of the series
But each factor of this last series is g -eccentric and we obtain a contradiction. This contradiction proves that C A (g) = 1 .
Let x be an arbitrary element of C. Then gx = ga 1 for some element a 1 ∈ A. By the equation A = [g, A] there is an element a 2 ∈ A such that a 1 = [g, a 2 ]. Thus we have From e = ga 3 we obtain that C A (e) = C A (g) = 1 . Since e ∈ ζ(Q), Q ≤ C C (e), and from the equation We have already proved that S/D is pronormal in G/D. Since a normalizer of a pronormal subgroup is abnormal (see, for example, [DH, Lemma I.6 .21]), the subgroup S/D is also abnormal. Then S/D is contranormal, and we obtain a contradiction. This contradiction proves (2) and obviously (3).
Proof: By Proposition 3.4 G/A is hypercentral. Proposition 2.4 implies the decomposition A = C ⊕ E where C is the upper ZG-hypercenter of A (that is the intersection of the upper hypercenter of G with A), E is a maximal G-hypereccentric ZG-submodule of A. Suppose that G is not hypercentral. It follows that
E = 1 . Let M be a minimal G-invariant subgroup of E, then M is G-eccentric, that is C G (M ) = G. Choose a G-invariant subgroup D of A
Proof of Theorem B:
Let T be the periodic part of A. Choose an element u ∈ A\T and put U = u G. Then t(U ) is finite and U is finitely generated. It follows that there is a number k ∈ N such that E = U k is torsion-free. In other words, A includes a non-identity finitely generated torsion-free G-invariant subgroup. Let p be a prime; then E p is a nonidentity G-invariant subgroup. If A/E p is not periodic, then by above it includes a non-identity torsion-free G-invariant subgroup.
Since EM/M is a normal subgroup of the hypercentral group G/H, the hypercenter with the number r includes EM/M . It follows that [E, G, G, . . 
p (here P is the set of all primes). Since E is a free abelian subgroup, ∩ p∈P E p = 1 . Hence [E, r G] = 1 , that is the hypercenter with the number r includes E. In other words, if A is not periodic, then A ∩ ζ(G) = 1 . Using Proposition 3.7 with the help of transfinite induction we can obtain that G is hypercentral.
Proofs of main results. The periodic case Lemma 4.1. Let G be a group, H a normal periodic subgroup of G such that H ≤ F C(G).
( 
it is finite. It follows that S and S g are conjugate. Thus S is a pronormal subgroup. If every pronormal subgroup of G is normal, S also must be normal in G. Since it is valid for every prime p, L is nilpotent, so that H is locally nilpotent. Since H ≤ F C(G), H is a hypercentral subgroup. Suppose that G does not include proper contranormal subgroups. Since S is pronormal, N G (S) is abnormal (see, for example, [DH, Lemma I.6 .21]), and hence contranormal. It follows that G = N G (S), i.e. S is normal in G. As above it follows that H is hypercentral.
Lemma 4.2. Let a group G includes an abelian normal p-subgroup A (p is a prime number) satisfying the following conditions:
Proof: Let L be a local family of finite G-invariant subgroups of A including B. This family exists since
is a projection set. Then there exists a complete projection set P (see, for example, [KU, Chapter 55] 
Lemma 4.3. Let a periodic group G includes an abelian normal p-subgroup A (p is a prime) satisfying the following conditions:
Then the following assertions hold: Suppose that every pronormal subgroup is normal, so S/R is nor- ≤ ζ(G) . Using the same arguments by transfinite induction we can prove that A α+1 /A α is a G-central factor for each ordinal α < γ. Consequently G is hypercentral.
Suppose that G does not include proper contranormal subgroups. Then N G/R (S/R) is abnormal (see, for example, [DH, Lemma I.6 .21]), and hence contranormal. It follows that G/R = N G/R (S/R), i.e. S/R is normal in G/R. As above it follows that G is hypercentral. 
Corollary 4.4. Let a periodic group G includes an abelian normal p-subgroup A (p is a prime), satisfying the following conditions:
(A) A ≤ F C(G). (B) G/A
Proof: Since G/A is hypercentral, G/A = P/A × S/A where P/A a the Sylow p-subgroup of G/A, S/A is a Sylow p -subgroup of G/A.
In particular, P is a normal Sylow p-subgroup of G. By Lemma 4.3 the subgroup S is also hypercentral, so that S = A × R where R is a (normal) Sylow p-subgroup of G. In particular, G = P × R. Since R is hypercentral, G is also hypercentral.
Corollary 4.5. Let a periodic group G includes an abelian normal subgroup A satisfying the following conditions:
Then the following assertion hold: Proof: Since A is soluble, it has a finite series of G-invariant subgroups
with abelian factors. Using Corollary 4.5 and ordinary induction we can prove that G is hypercentral. 
Corollary 4.7. Let a periodic group G includes a residual finite normal subgroup A, satisfying the following conditions:
F . This implies [G, G, . . . , G m , F ] = 1 . In other words, the hypercenter of G with number m includes F . Since F is an arbitrary finite G-invariant subgroup of A, the inclusion A ≤ F C(G) implies that the upper hypercenter of G includes A. Since G/A is hypercentral, it follows that G is also hypercentral.
Proof of Theorem C: Let Z = ζ(H), then Z is also G-invariant and H/Z is residually finite (see, for example, [RD 2, Lemma 4.31]). By Corollary 4.7 G/Z is hypercentral. Now we can apply Corollary 4.5 which implies that G is hypercentral. Suppose now that G satisfies (2). Then G is locally nilpotent (see, for example, [LS, Theorem 2.5 .1]). We have G = DK where K is a finite subgroup. In particular, K is nilpotent. Since G is a Baer group, K is subnormal. By Lemma 4 of [HK] Proof: (1) ⇒ (2). By Corollary 4 G is hypercentral, so that G = X p∈Π(G) G p , where G p is a Sylow p-subgroup of G, p ∈ Π(G). The subgroup G p is isomorphic with some factor-group of G, therefore G p has no proper contranormal subgroups. By Lemma 4.9 G p is central-by-finite.
Proof of Corollary
(2) ⇒ (3) and (2) ⇒ (4) are obvious.
(4) ⇒ (2) and (3) ⇒ (2) follow from Lemma 4.9.
(2) ⇒ (1 
A remark on transitivity of abnormality
In the group S 4 the subgroup A 4 is abnormal. The subgroup B = (12) is maximal and therefore abnormal in A 4 . However, it is almost obvious that B is not abnormal in S 4 . So, as we mentioned already in the Introduction, in general, abnormality is not a transitive relation. Nevertheless, the following result, which could be considered as a useful and general criterion of abnormality, shows that the class of groups with transitive abnormality is significantly broad. For example, as it follows from Lemma 5.1 below all metaabelian groups posses this property.
Lemma 5.1. Let a group G includes a normal subgroup H such that G/H has no proper abnormal subgroups. If for any abnormal subgroup B the intersection B ∩ H is normal in H, then abnormality is a transitive relation in G.
Proof: If G has no proper abnormal subgroups the statement is trivial. Let B be an abnormal subgroup of G. Then HB ≥ B is an abnormal subgroup in G. Since the image of an abnormal subgroup is abnormal, HB/H is abnormal in G/H. However, G/H has no proper abnormal subgroups. Therefore G = HB. Let C be an abnormal subgroup in B. From c ∈ C g , C it follows that d = gc
It means that g = dc ∈ C g , C and C is abnormal in G, because in G an abnormality is transitive.
